For the analysis of multi-grid methods applied to finite difference discretizations, two definitions of orders of intergrid transfer operators are being used. The order is either defined in terms of the symbol of the transfer operator, i.e., its Fourier transform, or as the order of polynomials being preserved. In [J. Comput. Appl. Math., 32(3) (1990), pp. 423-429], Hemker showed that the second definition is stronger than the first one. In this note, we show that both definitions are even equivalent.
Prolongations and restrictions
For given invertible A ∈ Z d×d and b ∈ R d , we consider fine and coarse grids 
respectively. One easily verifies that the adjoint of a prolongation is a restriction and vice versa, and that p = r * if and only if p = r − .
Definition 1.1
The order of p or r, notated by m(p) or m(r), respectively, is defined as the largest integer k such that (pu|
for all polynomials u ∈ P k−1 and j ∈ Z d , where
Above definition of m(p) has been used in [2] for the analysis of multi-grid methods. It extends to irregular and bounded grids. When multi-grid is applied to consistent finite difference discretizations of elliptic problems of order 2m, grid independent convergence rates were shown for prolongations p and restrictions r that satisfy m(p) + m(r * ) > 2m.
Transformation to Fourier space
As is well-known, the Fourier transform
We will need the following lemma:
Before we give a proof, note that for Figure 1 .
There exists an m ∈ {1, . . . , d} with (A −T α) m ∈ Z. On the other hand, there exists a 0 = q ∈ N with q(A −T α) m ∈ Z. We conclude that for any M ∈ qN, the numerator at the right hand side of (1) is zero, and thus that
As the Fourier transform is a bijection between the rapidly decreasing functions and C ∞ (T), the symbolŝ
and thus (T
Definition 2.2 The low frequency (LF) and high frequency (LF) orders m LF (p) and m HF (p) of the prolongation p are defined as the largest integers for which
The low and high frequency orders of r are defined as that of the prolongation r * .
Obviously, in the definition of the high frequency order the factor e ib·ξ can be deleted or replaced by e ib·(ξ+A −T 2πα) . It seems however not natural to redefine the symbol of p as ξ → e ib·ξp (ξ). Indeed, this function cannot be viewed as the Fourier transform of some operator, and in particular it is not necessarily 2πk periodic for some k ∈ Z d .
Above definitions of high and low frequency orders are used for the analysis of two-grid methods by means of Fourier transforms. Let
be consistent discretizations of an elliptic differential operator of order 2m having constant coefficients. Writing
one can infer that two-grid convergence requires m LF (p), m LF (r) > 0 and m HF (p)+m HF (r) ≥ 2m (see [3] ), where convergence with any smoother can be shown when in particular m HF (p) + m HF (r) > 2m. Compared to the condition m(p) + m(r * ) > 2m mentioned earlier, the forthcoming Theorem 3.1 shows that here the conditions on the low frequency orders are milder (see however Remark 4.5).
Above analysis of a two-grid method via Fourier transforms only applies to differential operators with constant coefficients on R d or T d discretized with respect to regular grids. Yet, in [4, 5] , it was demonstrated that, under certain conditions, for problems on general domains with differential operators having smoothly variable coefficients, a worst case local analysis by Fourier transforms ("local mode analysis") provides an asymptotic upper bound for the two-grid convergence rate, provided the method is extended with local smoothing steps along the boundary, that require an asymptotically neglectable amount of additional work. Moreover, local mode analysis turns out to be an effective tool for the design or selection of efficient components of a multi-grid method ( [6] [7] [8] ).
A relation between the definitions of orders of intergrid transfer operators
The following theorem extends upon [3] , in which, for standard coarsening and b = 0, it was shown that min(m LF (p), m HF (p)) ≤ m(p) and m LF (r) ≤ m(r). 
where
We conclude that m(p) ≥ k if and only if for all |ν| ≤ k − 1 and
On the other hand, for
where for the third line we used that
We will show that for any ν ∈ N d , the systems (2) and (3) 
and, with A replaced by A T , that B T B = | det(A T )|Id. We conclude that B is invertible, which proves the equivalence for ν = 0. Again Lemma 2.1
which is the equivalence for ν = 0.
For k ∈ N, u ∈ P k−1 , we have
whereas, with p = r * ,
So both m(r) ≥ k and m LF (r) ≥ k are equivalent to
which shows the second statement. 2 Theorem 3.1 is a generalization of [4, Theorem 6.8] for standard coarsening and b = 0. In the context of refinable functions, similar like results can be deduced by combining theorems from [9] [10] [11] , with less elementary proofs though.
Note that Theorem 3.1 implies that m(r) ≥ m(r * ).
Examples
We give some simple examples of prolongations, and compute their low and high frequency orders. •
, i.e, in the commonly used stencil
• (cubic interpolation) p = [ − ]. m LF (p) = m HF (p) = 3.
• p = [ − .
• 
